Abstract. Recently LIGO collaboration discovered gravitational waves [1] predicted 100 years ago by A. Einstein. Moreover, in the key paper reporting about the discovery, the joint LIGO & VIRGO team presented an upper limit on graviton mass such as m g < 1.2 × 10 −22 eV [1] (see also more details in another LIGO paper [2] dedicated to a data analysis to obtain such a small constraint on a graviton mass). Since the graviton mass limit is so small the authors concluded that their observational data do not show violations of classical general relativity. We consider another opportunity to evaluate a graviton mass from phenomenological consequences of massive gravity and show that an analysis of bright star trajectories could bound graviton mass with a comparable accuracy with accuracies reached with gravitational wave interferometers and expected with forthcoming pulsar timing observations for gravitational wave detection. It gives an opportunity to treat observations of bright stars near the Galactic Center as a wonderful tool not only for an evaluation specific parameters of the black hole but also to obtain constraints on the fundamental gravity law such as a modifications of Newton gravity law in a weak field approximation. In particular, we obtain bounds on a graviton mass based on a potential reconstruction at the Galactic Center.
Introduction
Recently long-term efforts of theorists and experimentalists have been led to a remarkable discovery of gravitational waves [1] . The result gives also a confirmation of black hole existence in binary systems. The discovery is also an additional brilliant confirmation of general relativity. However, alternative theories of gravity, including massive graviton theories introduced by Fierz and Pauli [3] are a subject of intensive studies and current and future experiments and observations can give constraints on graviton mass. As it was noted by C. Will [4, 5] , gravitational wave observations could constrain a graviton mass since in the case of massive graviton a gravitational wave signal is different from a signal of general relativity and analyzing differences for these two curves calculated within these two models (massive and massless ones) one could obtain a graviton mass constraint. Moreover, one could detect a time delay of gravitational wave signal in respect of electromagnetic and neutrino signals in the case if source of gravitational radiation signal is known.
There are many alternative theories of gravity which have been proposed in last years in spite of the evident success of the conventional general relativity (GR) since after 100 years of its development we do not have direct necessities to change GR with its alternative. However, a slow progress in understanding of dark matter (DM) and dark energy (DE) problems stimulates a growth of interest to alternative theories of gravity. Perhaps, there are deviation from Newtonian gravity at the Solar system scales [6, 7] in spite of a model of the thermal origin of the anomaly [8] .
A version of a Lorentz invariant massive gravity has been introduced by Fierz and Pauli [3] , however, later people found a number of problems with such theories such as existence of ghosts, vDVZ discontinuity [9] [10] [11] and some other technical problems [12] . Some of these problems can be overcame [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
Nowadays some of alternative theories do not have the Newtonian limit in a weak gravitational field approximation. Yukawa-like corrections have been obtained, as a general feature, in the framework of f (R) theories of gravity [22] . A set of gravity theories (including so-called massive graviton theories) have a Yukawa limit for a weak gravitational field. We will discuss observational consequences of massive gravity where one can expect a Yukawa type of weak gravitational field limit instead of Newtonian one.
Different experimental and observational ways to bound a graviton mass have been suggested [23] [24] [25] [26] [27] [28] . In particular, it was shown that speed of gravity practically coincides with speed of light [29] [30] [31] [32] [33] , so one could get constraints of a graviton mass. In paper [34] constraints on the range λ of Yukawa type force in Solar system has been considered and one can derive the bound λ > 2.8 × 10 12 km [5] from these constraints assuming a natural modification of the Newtonian potential [5, 14] :
where δ is a universal constant. In our previous paper [35] we found constraints on parameters of Yukawa gravity.
Will considered an opportunity to evaluate a graviton mass analyzing a time delay in electromagnetic waves such as supernova or gamma-ray burst [5] , moreover earlier he demonstrated a possibility to constrain a graviton mass from from gravitational wave signal alone [4] .
Pulsar timing may be used to evaluate a graviton mass [36] . In the paper it was conclude that, with 90% probability, massless gravitons can be distinguished from gravitons heavier than 3 × 10 −22 eV (Compton wavelength λ g = 4.1 × 10 12 km), if bi-weekly observation of 60 pulsars is performed for 5 years with a pulsar rms timing accuracy of 100 ns and if 10 year observation of 300 pulsars with 100 ns timing accuracy would probe graviton masses down to 3 × 10 −23 eV (λ g = 4.1 × 10 13 km). These conclusions are based on an analysis of cross-correlation functions of gravitational wave background. An idea to use pulsar timing for gravitational wave detection has been proposed many years ago [37] . An analysis of the crosscorrelation function between pulsar timing residuals of pulsar pairs could give an opportunity to detect gravitational waves [38, 39] . If a graviton has a mass it gives an impact on crosscorrelation functions [36] . However, as a first step people have to discover stochastic GW signal and only after a detailed analysis of cross-correlation it could help to put constraints on a graviton mass.
Here we show that our previous results concerning the constraints on parameters of Yukawa gravity, presented in the paper [35] , can be extended in the way that one could also obtain a graviton mass bounds from the observations of trajectories of bright stars near the Galactic Center. As it is shown below our estimate of a graviton mass is slightly greater than the estimate obtained by the LIGO collaboration with the first detection of gravitational waves from the binary black hole system. However, we would like to note that a) our estimate is consistent with the LIGO one; b) in principle, with analysis of trajectories of bright stars near the Galactic Center one can obtain such a graviton mass estimate before the LIGO report [1] about the discovery of gravitational waves and their estimate of a graviton mass; c) in the future our estimate may be improved with forthcoming observational facilities.
Graviton mass estimates from Sstar orbit
Two groups of observers are monitoring bright stars (including S2 one) to evaluate gravitational potential at the Galactic Center [40] [41] [42] [43] [44] [45] [46] [47] [48] . Recently, the astrometric observations of S2 star [49] were used to evaluate parameters of black hole and to test and constrain several models of modified gravity at mpc scales [50] [51] [52] [53] [54] . The simulations of the S2 star orbit around the supermassive black hole at the Galactic Centre (GC) in Yukawa gravity [35] and their comparisons with the NTT/VLT astrometric observations of S2 star [49] resulted with the constraints on the range of Yukawa interaction λ, which showed that λ is most likely on the order of several thousand astronomical units. However, it was not possible to obtain the reliable constrains on the universal constant δ because its values 0 < δ < 1 were highly correlated to λ, while the values δ > 2 corresponded to a practically fixed λ ∼ 5000 − 6000 AU.
Such behavior of λ indicate that it can be used to constrain the lower bound for Compton wavelength λ g of the graviton, and thus the upper bound for its mass m g = h c/λ g , assuming Yukawa gravitational potential of a form ∝ r −1 exp(−r/λ g ) [see e.g. 4]. The goal of this paper is to find these constraints using chi-square test of goodness of the S2 star orbit fits by Yukawa gravity potential (1.1).
For that purpose and in order to obtain the reliable statistical criterion, we had to modify the χ 2 measure of goodness of the fit given in [35] to the following expression:
where (x o i , y o i ) is the i-th observed position, (x c i , y c i ) is the corresponding calculated position, n is the number of observations, σ xi and σ yi are uncertainties of observed positions, while σ int accounts for the "intrisic dispersion" of the data. σ int is usually introduced whenever the observed uncertainties are not mutually consistent, like it is the case with SN Ia data in cosmology (see e.g. [55, 56] and references therein). In our case introduction of σ int was necessary because the astrometric accuracy of the S2 star observations changed for more than order of magnitude during the observational period, improving from around 10 mas at the beginning, up to around 0.3 mas at the end. As it will be shown below, σ int will not affect the best fit values for λ, but it will scale χ 2 so that it could be used as a proper statistics for hypothesis testing. The values λ g < λ x can be excluded with 90% probability.
We then performed the new fits of n = 70 positions of S2 star observed by NTT/VLT [49] with its simulated orbits in Yukawa gravity potential (1.1), by varying λ between 1500 and 20000 AU and assuming two values of δ: δ = 1 (belonging to the region where δ and λ are correlated) and δ = 100 (belonging to the region where there is no correlation between δ and λ). In total 4 parameters were fitted: two components of initial position and two components of initial velocity in orbital plane, and thus the number of degrees of freedom is ν = 66 [35] . Fitting is done by minimization of χ 2 given by (2.1), where σ int is estimated from the requirement that the global minimum of reduced χ 2 over the whole range of λ is χ 2 /ν = 1 (see Fig. 1 ). It is found that σ int = 1.13 mas satisfies this requirement. The resulting values of χ 2 for δ = 1 and δ = 100 as functions of λ are presented in Fig. 1 by red and blue solid curves, respectively. As it can be seen from this figure, χ 2 asymptotically approaches to the corresponding value of the Keplerian fit χ 2 Kepler = 71.34 (horizontal dashed line in Fig. 1 ), for the large values of λ. Besides, χ 2 has global minimum at λ = 5100 ± 50 AU ≈ 7.6 × 10 11 km in the case of δ = 1, and at λ = 7400 ± 50 AU ≈ 1.1 × 10 12 km in the case of δ = 100. Thus, the obtained results for λ are consistent with those from [35] .
In the next step, we use the obtained values of χ 2 to test the null hypothesis that λ should be at least on the order of 10 3 AU. For testing this hypothesis we assumed the significance level α = 0.1 and calculated the critical value χ 2 ν,α = 81.08 for ν = 66 degrees of freedom (horizontal dash-dotted line in Fig. 1 ). As it can be seen from Fig. 1 , for both χ 2 curves there is an exclusion range of λ with some upper bound λ x where χ 2 > χ 2 ν,α , so the cases λ < λ x can be excluded with very high probability of 1 − α = 90%. In the case of δ = 1 this upper exclusion bound is λ x = 2900 ± 50 AU ≈ 4.3 × 10 11 km, while in the case of δ = 100 it is λ x = 4300 ± 50 AU ≈ 6.4 × 10 11 km. Since the null hypothesis can be considered as valid for λ > λ x , this value can be taken as the lower allowed bound for the graviton Compton wavelength λ g > λ x . By comparing this result with those presented in Fig. 8 from [2] , one can see that it is in agreement with Solar System and LIGO constraints on λ g .
The corresponding upper bound for graviton mass, m g = h c/λ x , according to the fits of the astrometric observations of S2 star by its simulated orbits in Yukawa gravity, is m g = 2.9 × 10 −21 eV in the case of δ = 1 and m g = 1.9 × 10 −21 eV in the case of δ = 100. These constraints are consistent with those obtained from a gravitation wave signal GW150914 recently detected by LIGO [2] , and significantly exceeds 1.2 × 10 −22 eV which represents 90% probability limit for distinguishing massless gravitons (predicted by General relativity) from massive gravitons (predicted by modified gravity theories with Yukawa type of gravitational potential) using pulsar timing experiments [see e.g. 36].
Conclusions
In this paper we consider phenomenological consequences of massive gravity and show that an analysis of bright star trajectories could bound the graviton mass. Using simulations of the S2 star orbit around the supermassive black hole at the Galactic Center in Yukawa gravity [35] and their comparisons with the NTT/VLT astrometric observations of S2 star [49] we get the constraints on the range of Yukawa interaction which showed that λ > 4.3 × 10 11 km. Taking this value as the lower bound for the graviton Compton wavelength, we found that the corresponding most likely upper bound for graviton mass is m g < 2.9 × 10 −21 eV. This result is consistent with the constraints obtained from a gravitation wave signal GW150914 recently detected by LIGO, and significantly exceeds 90% probability limit for distinguishing massless gravitons from massive gravitons using pulsar timing experiments.
Planned observations of trajectories of bright stars near the Galactic Center with GRAV-ITY [57] , E-ELT [58] and TMT [59] may improve the discussed estimates of graviton masses.
